In this paper, we prove that the linear transformation
said to be log-concave we always assume that it has no internal zeros, i.e., there are no three indices i < j < k such that x i , x k / = 0 and x j = 0. This is a natural assumption for sequences since most of the log-concave sequences of interest to us actually meet the condition. Thus a sequence {x i } is log-concave if and only if x i−1 x j +1 x i x j for any j i 1 (see, e.g., [1, Proposition 2.5.1]). We say that a linear transformation
is PLC if it preserves log-concavity, i.e., log-concavity of {x j } implies that of {y i }. So far there have been found some important linear transformations that are PLC. For example, it is well known that the linear transformation
is PLC (see [ 
is also PLC [3, Lemma 5.2] . In this paper, we prove the following more general result.
Theorem 1. Let m, n be two non-negative integers. Then the linear transformation
is PLC.
Proof of the theorem
Without loss of generality, we may assume m n. Let {x j } be a log-concave sequence and {y i } the sequence defined by (2) . Obviously, the sequence {y i } is nonnegative and has no internal zeros. It remains to show that i = y 
Then we have i = 0 k 2i S k . So it suffices to show that S k is non-negative for each k.
If k = 2i, then
by the log-concavity of x i and the binomial coefficients
In what follows we consider the case k < 2i. Let
We first show that C k and C k are non-negative. Observe that the generating function of
When 0 k < i, we have
and
It follows that
When i < k < 2i, we have
.
So C k 0 and C k 0 for each k. We then demonstrate that there exists an index s such that C j,k−j is non-positive for r j < s and C j,k−j is non-negative for s j k/2 . In fact, we have
Thus C j,k−j has the same sign as that of A j for r j k/2 . Note that the derivative of A j with respect to j is 2(2m + 2i + 1)(k − 2j) 0. Hence the sequence {A j } is increasing and changes the sign at most once. Clearly, A j must eventually be non-negative (otherwise all C j,k−j < 0 for r j k/2 , contradicting C k 0). Let s be the smallest value of j such that A j 0. Then C j,k−j 0 for r j < s and C j,k−j 0 for s j k/2 .
Finally we prove that S k is non-negative. By the log-concavity of the sequence
k/2 , and therefore
We complete our proof by distinguishing two cases.
Remarks
A sequence {x i } is said to be eventually vanishing if x i / = 0 for only a finite number of indices i. We identify a finite sequence x 0 , x 1 , . . . , x n with an eventually vanishing infinite sequence x 0 , x 1 , . . . , x n , 0, 0, . . . A linear transformation is said to be weak preserve log-concavity (WPLC) if it send any eventually vanishing log-concave sequence to a log-concave sequence. Clearly, a linear transformation is PLC implies that it is WPLC. It is well known that the linear transformation is also WPLC (see [6] for the case m = 1 and n = 0). This result may be viewed as the transpose version of Theorem 1.1.
